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Fig. 3 Ratio of thermal stress to pressure stress at the
surface of burning ammonium perchlorate as a function of

pressure

O-T/O-P could be lowered sufficiently to make the effect of ap
on cracking predominant.

It should be noted that in the previously proposed model1

the expression for cracking velocity was

v = 2a sinh/3P (8)
where the constant ft contains the arbitrary conversion con-
stant n relating chamber pressure to the shear stress [Eq.
(6)], which is responsible for cracking. The present analysis
indicates that this stress arises from the pressure-dependent
thermal gradient rather than from the pressure itself. Since
the thermal stress is nearly linear in pressure for P > 5000
psi (Fig. 2), the model essentially is unaffected.

Certain factors not considered in the present treatment also
may affect the cracking process. Crystal phase changes,
with associated possible changes in crystal density (e.g., the
change of orthorhombic to cubic AP at 240 °C), may be in-
volved in the cracking. This effect has been observed ex-
perimentally by Bowden and McAuslan in the thermal de-
composition of silver azide.3 Also, if the deflagrating mate-
rial melts during decomposition, cracking may be prevented,
either by relieving thermal stresses at the burning surface or
by preventing penetration of hot gases into existing pores.
The latter mechanism has been postulated by Taylor8 to
explain the absence of accelerated burning at low pressures
in the burning of porous HMX charges.
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Initial Behavior of a Gun-Tunnel Piston

TAKEO SAKURAI*
Kyoto University, Kyoto, Japan

RECENTLY, the gun-tunnel has been used widely for the
investigation of hypersonic flow. As is well known, it

produces hypersonic flow with very high stagnation tempera-
ture by means of a piston motivated by the pressure differ-
ence between the high- and the low-pressure chambers.
The behavior of the piston is essential to the performance of
the apparatus, so that many studies of it have been made.
Because of the mathematical difficulties, however, there is
no analytical expression for the initial behavior of the piston.
Hence, it will be interesting to obtain such an expression even
for a very extreme condition. In this note the initial be-
havior of the gun-tunnel piston with a very small pressure
difference is investigated by the small-perturbation method.

An infinitely long straight channel is divided by a dia-
phragm into high- and low-pressure chambers, and a piston
is placed close to the diaphragm in the low-pressure chamber.
The problem here is to discuss the behavior of the piston after
bursting of the diaphragm within the small-perturbation
method and without considering friction between the piston
and the channel walls.

The basic equations of the one-dimensional unsteady mo-
tion of a compressible perfect fluid within the small-pertur-
bation approximation are as follows:

Pi = + Pi1 pi —

pi =

— Pio + Pi'

o =

(1)

(3)

where P, p, U, t, x, and C indicate the pressure, density,
velocity, time, position, and sound speed, respectively. The
subscripts 1, 2, and 0 indicate quantities in the high-pressure
chamber, the low-pressure chamber, and the undisturbed
state, respectively.

The initial conditions at the instant the diaphragm bursts
are

= p2' = 0 U, = = 0

The boundary conditions on the piston are

Ul\x = /(*) - 0 = Uz\x = f(t) + 0 = /'(O

mf = P! - P2

(4)

(5)

(6)

where m is the mass of the piston and x = f(f) describes the
locus of the piston in the (x, t) plane. The last equation is
simply the equation of motion for the piston.

The general solution of the wave equation (3) can be ob-
tained as follows :

CW) + Gi(x - CW) (7)

Substituting (7) into the initial conditions (4), it can be
shown that <pi and <p2 are both zero below the wave front
in Fig. 1, i.e., the fluid in both the high- and the low-pressure
chambers is not disturbed until the wave front reaches it.
Then, by the continuity of the potential on the wave front,
the solution in the region between the wave front and the
piston can be obtained as follows :

(8)
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Fig. 1 AC, t plane of
the motion

CHKMBER

Substituting the foregoing into the boundary conditions (5)
and (6) and using the basic relations (1) and (2), the follow-
ing equations are obtained:

CW] =/'(<)
=/'(*)

CW] -
P2<A<A'[/(0 -

(10)
(11)

(12)
Eliminating Fi and (r2 from the preceding equations, one
obtains an ordinary differential equation of the first order for
/'(*):

+ + P2<AO)/' = PlO - (13)
The initial condition for /'(£) is obtained from conditions
(4) and (5) as follows:

/'(O) = 0 (14)
The solution of differential equation (13) satisfying the

initial condition of Eq. (14) can be obtained easily to give

/' =
— ^2 I 1 - expf- +

(15)

If a light piston is used, the piston speed approaches the
final speed very rapidly, as is expected intuitively. On
the other hand, the final speed is independent of the piston
mass and depends only on the pressure difference between
the high- and low-pressure chambers and state of the gas in
both chambers. The pressures on the front and rear sur-
faces of the piston are, of course, equal in the final state to
the average of Pio and P2o-

Effective Displacement Thickness
for Boundary Layers with Surface

Mass Transfer
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Nomenclature

u = velocity component parallel to surface in stream direction
v = velocity component normal to surf ace
x = coordinate parallel to surface in stream direction
y = coordinate normal to surface
yc = height of control surface, const
d = total boundary layer thickness
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Fig. 1 Flow model

5* = boundary layer displacement thickness [defined by Eq.
(2)1

A* = effective displacement thickness [defined by Eq. (8)]
0 = flow angle, tan~ l(v/u)
p = mass density

Subscripts
e = flow conditions external to the boundary layer
w = wall conditions

THE foundation of the well-known strong and weak viscid-
inviscid interaction theories due to Lees and Probstein1.2

rests on the assumptions that 1) the boundary layer is
separated from the shock wave by an in viscid shock layer;
2) classical boundary layer theory can be applied; and 3)
the local steamwise variation in pressure and other flow prop-
erties can be calculated if the deflection or displacement of
the inviscid flow due to the presence of the boundary layer is
known.

The flow external to the boundary layer is calculated by an
appropriate inviscid-flow theory for a fictitious body that
has a thickness equal to that of the original body plus an
additional thickness to account for the displacement effect
of the boundary layer. When the tangent-wedge approxi-
mation is used for the inviscid solution, the original body
slope is increased by the rate of change of the boundary layer
displacement effect.

This note employs a continuity argument to derive this
displacement effect for a boundary layer with surface mass
transfer for application to the calculation of viscid-inviscid
interaction on ablating or transpiration-cooled surfaces.
The flow model used is given in Fig. 1. In order to avoid
direct involvement with the rather nebulous concept of total
boundary layer thickness d, the control surface, detailed in
Fig. 2, was chosen with a constant height yc > d, such that,

/ / / / / / / /

Fig. 2 Mass flow through the control surface


